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§l Doodles

e Roger Fenn &

Paul
Taylor 11979 )

Doodles were introduced
, but were restricted

to embedded circles in the 2- sphere

• Mikhail Khovanov ( 1997 )

extended the idea to immersed circles

Th the 2- sphere

• BFKK ( Arxiv : 1612
. 08473 ✓ 1)

We further extend the range
of doodles

to any closed orientable surfaces



-2 : a closed oriented surface @
A doodle representative is a generic immersion

f. ¥ st  → I

E¥⇒oD
and its image B a doodle diagram

. Equivalence
( i ) Homeomorphic equiv
b) RI and RZ X a / §←s ) (
G) Surface surgery disjoint from the diagram

¥ie ⇐to HE
B B '



A doodle B an equivalence class of a diagram

The poppy The borromean doodle

A doodle is planar if there is a diagram on S?

. • • ← A doodle diagram
on a torus

.?€€
a
×

>

⇐
The doodle is not

* • planar !
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nrastnetriuial

.€¥yf#€ → II. doodle
homeo



• Genus

A genus of a doodle B the minimum genus

of all surfaces on which there is a diagram

representing the doodle
.

g=o ( genus 0 # planar)

g=l

#?#
8=2



§2 Doodles V. s
.

Virtual doodles

fieldedpawn QQ *real
- crossingsurface

realization
a doodle diagram a virtual doodle \o/
on a surface diagram on R

'

virtual

crossing
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proj

:
~

surface
realization

a doodle diagram Kihinols virtual
on a genus -2 surface diagram

Theorem ( BFKK )

{ doodles } { virtual doodles lonR4 )
11 lil

{ doodle diagrams
4

"

on surfaces ] { virtual doodle
1

g
r diagrams on1122¥



• Equivalence for virtual doodle diagrams

XFH XFH

KFI Ken * a *
V3

* a *
Definition

V4

{ urinal doodles }i={ "
drtnagdnadmosodb}/~r Fling

Remark

{ urinal links }== { undrtuagrdamhgk }/l};;r}tf3 ¥



Idea of the proof of Theorem

Theorem ( Naoko Kamada - Ki
,

Carter . K - Saito )

{ virtual Inks 3 l → { abstract lmks } ← , { stable equiv . classes
of lmks in

virtual Ink
, :| { abstract thickened{

diagrams mm
} and,iggr.am#nYldtamgkams } surfaces }

RI , RZ
,

133 131,122.123
,

homeo
,

Vl ,
VZ

,
V3

, V4 Surface surgery

{ virtual doodles its { abstract doodles }← > { doodles }
a " "

virtual doodle doodle{
diagrams.net# { aglbgsoatgkreaadms )

in,{ diagrams )

RI ,
RZ RI , RZ

,
homeo

,

VI. VZ , V3 . V4 R '
> RZ surface surgery





§3 Minimal diagrams of doodles
Definition

A doodle diagram D on a surface I is minimal

Tf the interior of every region is simply connected

and there are no monog ones and big ons
.

DID



Theorem ( BFKK )
If two minimal diagrams represent the same

doodle
,

then they are homeomorphic .

Idea of the proof [ D ] : homeo class of a doodle diagram D

[ D ] > as

'k⇒
Xp ¥1.

, Xp¥ ,y ,

¥?⇒3e¥I
[ D ] ↳ [ D ' ]{ [ D

' ]d[ D ]

The set of homeo classes [ D ] with ↳
,

a ( level )
satisies conditions of proof reduction

( M , H
, A . Newman

,
Ann of Math

P • I
← " ← ↳

g.
, .

,
• b/ 1942 )

"
 '  ' '

-

→
.  . → → - ,  . → ⇐

, :#unique root .l



' '

t.IE#fyDyEl.FhF

.
Faa

fhomeo DTs minimal

D2.fY@a.Lf.f•

#
[ D) is minimal

diiytaeay
in (G) b. 9)EEEEED.EE

.

homeo

Dz D4

[ Di ]=[ Ds ] ↳
[ D , ] = [ Dot ]T

not minimal t minimal



Theorem CBFKK )

lionsider minimal doodles on 52
,

so g=O .

11 ) They have at least 6 crossings .

12) There is only one with b rossihgs :

the Borromean doodle
.

13 ) There are none with 7 crossings .

14) There is only one with 8 crossings :

the poppy .

Idea of Proof

Euler characteristic

V - F- + F  = 2



Infinite
sequences of minimal doodles with f- O

× ,
4) Bn : the generalized

• Borromean doodle

Xz ,
• Xg ( nZ3 )

• •

Y ,
46 133 Tsthepsorromean

• z 75 • 134 Bthepoppy
•

4344
.

# of components•
• Xs

×3

ts{ 3

,

ln±0mod3 )
•

( M¥0 )
X4

136



(2) ( in : Gyro

(3) Cis : Ortho

A of comps of Cn
'

={24
ln=0mod3 )

, a
C 3 C 3

# of comps ofcn"

= htl

1



§4 Doodles and identities
among

commutations

3
�1� 5 't 'dacb

4 z
( ⇒[ a. c)

b )

�2� E ' ctbc ( = E b. c ] )
�3� [ b. a ]C

5 1

6 @ [ a a ]

�5� [ Cib ]h
�6� [ a. b ]

[ a. c) b. [ b. c ] . [ b. a ] ? [ c. a ] . [ a. b ] 9 [ a. b ]=|



�1� [
'

b-
'

a-
'

bca

( = [ baa ] )
�1�

30
�2� atctbtcab

( = [ cab ] )
�3� b- ' atctabc

�2� ( =[ abic ] )

[ be
,

a ] .[ ca
,

b ] . [ ab
,

c) =/



@ A doodle diagram + A noose system
-

-

.
, n

→ An identity ⇐  t ' 1

among commentators
�3�1,1+20n¥÷eI

( commutation identity ) �1�

Conversely ,

for
any commutation identity

Th the free group ,
there is a doodle diagram

and a noose system which yield the identity .



The Hall - Witt identity
[ [ aib ]

,
Ca ] . [ [ a a ]

,
bc ] . [ [ b. c ]

,
ab ] = I

�1� �2� �3�

C b C b

b

�3�
a

b

a c a c

C

�2�
b

c

b a b a

a

0 c

a
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The Hall - Witt identity
[ [ aib ]

,
Ca ] . [ [ a a ]

,
bc ] . [ [ b. c ]

,
ab ] = 1

�1� �2� �3�

y

c b C b

y

#€: :

€±a

a c a c

a II
: : #ea

b a b a

a

b a b a

: :

¥#



⇐:÷t÷÷÷÷?
:*:& .

¥;¥#
thus it isthe¥=}§ the BorromeanI##T##a) doodle !÷÷÷÷⇒⇒¥⇒⇐f
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,,ye

<LDt =[[ Cia ]
,

bc ]

C)tC@3oEabf.s;,aay;bn5'
ab

>
b

[ [ aib ]
,

Ca ] . [ [ a a ]
,

bc ] . [ [ b. c ]
,

ab ] = 1

�1� �2� �3�



S : a non . empty subset of the free group F

¥
A commentator identity [ a , ,b , ]w! . . [ an

,
bn ]w" ⇒

is S - proper if ai
,

bie Sits
"

{
wi e Word ( s ¥5

' )
At A doodle diagram D is S - colored or S - partitioned

when each component is labeled with an

etemengtDet A noose system for D B proper Tf every noose

surround one crossing

.at#ike:..EIIto



@ An S . colored doodle diagram on 52
+ a proper noose system

→ An S . proper commentator identity.

Conversely,
for any S - proper wmmutator identity

in the free group , There is a S . colored
doodle diagram on 5 and a proper noose

system which yield the commutation identity .



l In the proper case )

a change noose systems

←→
braid group action

"

9Pa# /in i it i

V

Witt
[ Ai

,
bi ]WF[ aim

,
bit , ] s→ [ an ,

bit ,]wM . [ a ,

bdwisaithbadw
"

•
change base points s⇒ simultaneous conjugation

( global conjugation )

¥0→°¥0_
.

Tian bi ]wis→T[ ai.si ]w 'S



• RI . move t→ Insertion / deletion of a trivial commentator

| ← , Y [ a. AT

•

R2gyYeg§
' ⇒

Inserhaydeletionofacancelling pain
[ a ,b]W . [ b. a ]W

(
*

¥s→)yf
# Commutatortdenties are preserved .)

�5� to

{ Eifnobrgedodoodles } #{s.IE#etregmmunmfpproj
.

~

{ - Dagan,oa¢
¥



@ A doodle diagram with g=O
→ commentator identity with RHS =T

A doodle diagram with genus g
→ commentator identity with RHS =

commentator product of length g

@ The idea of doodles can be generalized
so that we can obtain commutator

identities in braid groups and

mapping class groups .

( in progress )


