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What do we know?

e Haebegger and Lin (1990):

Sstustu...ust - s3
classified up to link homotopy

e Koschorke, a.o. (early 90s):

SPySPy...USPr - Sm 2<pi<m—1
classification «+— homotopy theory questions

in certain dimension ranges
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Hard: links maps in S*

f:52U8% -S4 F(S2)NF(S?) =
Write i = fls2, f. =f|s
Example:
F(s2)  £(S?)
00O
OO

—_

1

b @

OB
@S &)



Classifying link maps

f:5208% — S F(S2)NF(S?) =
Write er = f’s}r, L= f|53

~When is a link map link homotopic to the
"~ trivial link?

(Trivial link map: two embedded 2-spheres bounding disjoint
3 baIIs

SQ f(SZ



Classifying link maps

f:52U8% -S4 F(S2)NF(S?) =
Write er = f’s}r, L= f|53

When is a link map link homotopic to the

Q triviaHink? an embedding? (Bartels-Teichner '99)

(Trivial link map: two embedded 2-spheres bounding disjoint
3 baIIs

SQ f(SZ
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Self-intersections of a 2-sphere

Local picture of two dbl points of f : $2 — X* with opp signs.

W embedded and misses f(S?) = can homotope f to remove
framed double points
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Wall self-intersection number 4

f:S%2 - X4
p(f) = > sign,a, € Z[m(X)]

p € self(f)
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f:S2 5 X4 m(X)XZ={(t":neZ)
p(f) =X sign,(t™ —1) € Z[t]
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Kirk’s link homotopy invariant o

f:SiU53—>54, f:l::si_>54\f(5221:)
After a link homotopy, m1(S*\ f(52)) = Z

f) = p(fe) = ign, (" — 1) € Z[t
o) =plf)= 5 signy(t” ~1) < Zlt]



Kirk’s link homotopy invariant 0 = (0, ,0_)

o:(f)= X sign,(t™ —1) € Z[t]
p € self(fy)
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Kirk’s link homotopy invariant 0 = (0, ,0_)

o:(f)= X sign,(t™ —1) € Z[t]
p € self(fy)

Example:

OO=

F(S3) f(8%)

5
)

o L) e
OO Ny



Properties of o:

o Link homotopy invariant

o f link homotopic to embedding
= 0. (f)=0=0_(f)

ooy(f)=0
= can equip fi with Whitney disks in $*\ £(52)



Is 0 the complete obstruction to embedding?

That is, is the existence of Whitney disks alone enough to embed?
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Is 0 the complete obstruction to embedding?

That is, is the existence of Whitney disks alone enough to embed?

@ oo (f) = —t>+ 4t —3
¥

o (f)=t°—t°=0

F(S%)

f(S?) J

The Whitney disk intersects f(S2)... so can't use to homotope f_ to
an embedding

Solution: try to form a “secondary” Whitney disk V

~ define a “secondary” invariant that obstructs this
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Is 0 the complete obstruction to embedding?

Some history:

e 1997: Li defined a secondary link htpy invariant w = (w4, w_)

o wy supposes o = 0 and counts intersections between
f(S+) and WDs in §* — £(53%)

o f link htpic to embedding = w(f) = (0, 0)

o “Example” of link map f with o(f) = (0,0) but w(f) # (0,0)
=- Counterexample

e 1997: Pilz found mistake in Li's example (actually had w = (0, 0))
Clvaliay
—_—
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Nothing new: o(f) = (0,0) = w(f) = (0,0)

Theorem (L.)
Iff:S2US2 — S*is a link map with both o.(f) =0 and
o_(f) =0, then:

(after a link homotopy) each component f1 can be equipped with
framed, immersed Whitney disks whose interiors are disjoint from both
f(S%) and £(5?).
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Theorem (L.)
Iff:S2US2 — S*is a link map with both o.(f) =0 and
o_(f) =0, then:

(after a link homotopy) each component f1 can be equipped with
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Nothing new: o(f) = (0,0) = w(f) = (0,0)

Theorem (L.)
Let f: S US? — S* be a link map with o_(f) = 0.

lfo (f)= > (t"—1),

pE self(fy)

then w_(f) = #{p:n, =2 mod 4} mod 2.

In particular, there are infinitely many link maps f with
w(f) = (0,0) but o(f) # (0,0).



Towards a better invariant?

Let f: 5_% U S? — S% be a link map.

Proposition (S. Kamada)

After a link homotopy, f(S2) is an unknotted immersion in S* with
d > 0 pairs of oppositely-signed double points.

f(S2)
000 PP o
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Towards a better invariant?

Let f: S US% — S* be a link map. Write X_ = S*\ £(52).
o m(X.)X27Z, Zmy = Z[t, t7Y]

o m(X_) = (ESIZ)[L t]

f(S2)
00 PO_P o
OY7F FF 4P o
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Towards a better invariant?

2d
Construct generators of mo(X_) = (& Z)[t, t 7]
i=1
e} HQ(X,) = ZQd

o Generated by linking tori {T;", T, }¢_,
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Towards a better invariant?

2d
Construct generators of mo(X_) = (& Z)[t, t71].
i=1
o Surger T, to a 2-sphere A,

o Ap = (Tp \ annulus) U (D, U Dy)

I
L=
-
S,

|



Towards a better invariant?

2d
Construct generators of mo(X_) = (& Z)[t, t71].
i=1

o Ap = (T, \ annulus) U (D, U Dy)

L

allisfekIsYeLY s
- 7 0

f(S?) }



Towards a better invariant?

2d
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i=1
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Construct generators of mp(X_) = (izding)[t, t=1].

o Ap = (T, \ annulus) U (D, U Dy)

o Mf,Ap) = (L+ t)A(fy, Dp) € Zmi(X_) = Z[t, t 1]
o u(Ap) = sign,(t — 1) € Z[t]
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Towards a better invariant?

2d
Construct generators of mo(X_) = (& Z)[t, t71].
i=1
o Ap = (T, \ annulus) U (D, U Dy)
o A(Fe, Dp) = (1+ DA(Fs, Ey)

o Mfy, Ep) LindN np where o_(f) = > sign,(t" — 1)
P
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Let f: 53 US2 — S be a link map with o_(f) = sign,(t" — 1).
After a link homotopy...

o m(X_) = (i2E:ng)[t, t~1] has basis rep. by 2-spheres {A,},
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Towards a better invariant?

Let f: 53 US2 — S be a link map with o_(f) = sign,(t" — 1).
After a link homotopy...

o m(X_) = (i2E:ng)[t, t~1] has basis rep. by 2-spheres {A,},

o ApNA; =0

o p(Ap) = signp(t -1)

o M(fy, Ap) = (14 t)%cp(t), (1) = np

o So: fi € m(X_)

= fi= %Cp(t)Apv (1) = np
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Towards a better invariant?

Let f : S3 US2 — S* be a link map with o_(f) = 0.
After a link homotopy...
o fp = ? tVAF AT, p(AY) = £(t 1)

o Represented by tubing pairwise-tubed 2-spheres....

Al + PA7 C XC
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Still open

¢ Question: Does o classify link maps?

e Question: Can a secondary invariant for 3-component link maps
be defined? Is it stronger than o7



